.1(i = 1, 2), the two diseases will either be extinct or be permanent, respectively. What's more interesting is the numerical results which show that the two diseases go to extinction at a large time, when R s 1 = 1 and R s 2 = 1. Furthermore, the sufficient conditions for the diseases that are extinct and permanent are given. In addition, the stochastic boundedness of the model is investigated. Epidemiologically, we can conclude that large noise fluctuations can effectively prevent the outbreak of disease, which can supply us beneficial methods to control the spreading of two diseases. Finally, a few numerical simulations are presented to demonstrate and verify the findings obtained.
Introduction
According to the World Health Organization's published data in 2017, of the 56.4 million deaths worldwide in 2015, more than 10% were due to infectious diseases.
1 Therefore, analysis and control of the spread of the epidemic disease have become an important topic. Thanks to the groundbreaking research of Kermack and McKendrick, 2 mathematical modeling is an advisable method for us to thoroughly investigate the spreading of epidemic disease. In the early work, many well-known classic model which investigated disease control was deterministic. 3, 4 In 1927, the SIRS epidemic model was proposed and studied. From then on, the SIRS model has been pursued by many researchers. As we all know that the spreading of disease is unpredictable due to the impact of environmental variations, proper and realistic stochastic differential equation models are proposed for studying the spreading of disease under various environmental conditions. [5] [6] [7] [8] An increasing number of researchers investigate and improve the stochastic SIRS models, such as one susceptible individual with one infectious individual, [9] [10] [11] [12] [13] [14] [15] two susceptible individuals with one infectious individual, 16 and multiple susceptible individuals with one infectious individual. 17 In the previous papers, the susceptible individuals be infected with only a disease, whether multifarious or onefold species. However, that susceptible individuals can be infected by multiple diseases at the same time in the real world. Recently, a stochastic SIRS model with two infectious individuals was proposed, 18 the model is given by dS(t) = L À mS(t) À b 1 S(t)I 1 (t) a 1 + I 1 (t) À b 2 S(t)I 2 (t) a 2 + S(t) + dR(t) dt À s 1 S(t)I 1 (t) a 1 + I 1 (t) dB 1 (t) À s 2 S(t)I 2 (t) a 2 + S(t) dB 2 (t) dI 1 (t) = b 1 S(t)I 1 (t) a 1 + I 1 (t) À (m + d 1 + g 1 )I 1 (t) dt + s 1 S(t)I 1 (t) a 1 + I 1 (t) dB 1 (t) dI 2 (t) = b 2 S(t)I 2 (t) a 2 + S(t) À (m + d 2 + g 2 )I 2 (t) dt + s 2 S(t)I 2 (t) a 2 + S(t) dB 2 (t) dR(t) = g 1 I 1 (t) + 
where S(t) represents the number of individuals susceptible; I 1 (t) and I 2 (t) represent the number of individuals infected by diseases A 1 and A 2 ; R(t) denotes the number of individuals recovered; g 1 and g 2 are recovery rates of two infective individuals; L is the influx rate for individuals; m denotes the natural death rate for the population; d denotes the lost immunity rate for removed population which turns back to the susceptible population; b 1 and b 2 are the contact coefficient of the two infective individuals; and d 1 and d 2 are the diseaseinducing death rate. The functions ((b 1 S(t)I 1 (t))=a 1 + I 1 (t)) and ((b 2 S(t)I 2 (t))=(a 2 + S(t))) denote incidence rates for I 1 (t) and I 2 (t), respectively; and B 1 (t) and B 2 (t) are the Brownian motion with intensities s 1 and s 2 .
There arise following problems: how does the noise fluctuations impact the spreading of diseases for the model which one susceptible individual was infected by n group of disease species? Whether the noise fluctuations can effectively prevent the outbreak of diseases?
In this article, for convenience, we research a new stochastic SIRS model: one susceptible individual with two infectious individuals. Moreover, the data could determine the type of incidence for real world. 19 For the purpose of more realistic and the ''psychological'' effects, 20, 21 we investigate the general nonlinear incidences of the forms b 1 f (I 1 (t))S(t) and b 2 g(S(t))I 2 (t). The function f (I 1 (t)) increased with the decrease in I 1 (t), while it decreases with the increase in I 1 (t). The function g(S(t)) increases monotonically with respect to S(t), due to the contact that could increase for a sufficient large number of susceptible individuals. Inspired by the discussion above, we investigate a new stochastic SIRS model with two nonlinear incidences. The model is given by dS(t) = ½L À mS(t) À b 1 f (I 1 (t))S(t) À b 2 g(S(t))I 2 (t) + dR(t)dt Às 1 f (I 1 (t))S(t)dB 1 (t) À s 2 g(S(t))I 2 (t)dB 2 (t) dI 1 (t) = ½b 1 f (I 1 (t))S(t) À (m + d 1 + g 1 )I 1 (t)dt + s 1 f (I 1 (t))S(t)dB 1 (t) dI 2 (t) = ½b 2 g(S(t))I 2 (t) À (m + d 2 + g 2 )I 2 (t)dt + s 2 g(S(t))I 2 (t)dB 2 (t) dR(t) = ½g 1 I 1 (t) + g 2 I 2 (t) À (m + d)R(t)dt 
Functions b 1 f (I 1 (t))S(t) and b 2 g(S(t))I 2 (t) represent two different types of incidence functions. Other parameters are taken as in model (1). The two functions f (I 1 (t)) and g(S(t)) satisfy the following assumptions:
(H1) f (I 1 (t)) is nonnegative bounded and continuously twice differentiable and the derivative of f is bounded, (f (I 1 (t))=I 1 (t)) decreases monotonically with respect to I 1 (t), f (0) = 0, and lim
is differentiable continuously and increases monotonically with respect to S(t), for any
The article is organized as follows. In section ''Preliminaries,'' we present several preliminaries and notions. The existence or uniqueness and stochastic boundedness of the global solution for model (2) are discussed in section ''Existence or uniqueness and stochastic boundedness of global positive solution''. In section ''Extinction of diseases'', sufficient conditions for the two diseases that are extinct are given are established. In section ''Persistence in mean'', we obtain the sufficient conditions for the two diseases that are persistence for model (2) . In section ''Almost sure exponential stability,'' a sufficient condition for the almost sure exponentially stable disease-free equilibrium is established. In section ''Numerical simulations and examples,'' some simulations are given to demonstrate the obtained results. Finally, a brief conclusion is present in section ''Conclusion.''
Preliminaries
In the section, we give several preliminaries as follows. Throughout the article, consider the process X (t) defined in the state space (O, F , P). Let X (t) = (S(t), I 1 (t), I 2 (t), R(t)) denotes the solution for model (2) .
p represents the norm of X (t). Definition 1. Meng et al. 22 define hh(t)i = 1 t Ð t 0 h(s)ds, where h(t) be an integrable function on ½0, + ').
, for some constants l i .0.
Definition 2. For any initial value (S(0), I 1 (0),
+ . 23, 24 Assume for any 0\e\1, there has a constant r = r(e).0, such that the inequality in following holds lim sup
Then solution X (t) = (S(t), I 1 (t), I 2 (t), R(t)) for the stochastic model (2) is named as stochastically ultimately bounded.
Definition 3. For any initial value (S(0), I 1 (0), 24, 25 Assume for any 0\e\1, there has two constants r = r(e).0 and -= -(e).0, such that the following inequalities hold lim inf t!' P(jX (t)j ł r) ø 1 À e and lim inf
Then solution X (t) = (S(t), I 1 (t), I 2 (t), R(t)) for the stochastic model (2) is named stochastically permanent. Lemma 1. Set (S(t), I 1 (t), I 2 (t), R(t)) be a solution for model (2) with any given initial value (S(0), I 1 (0),
Proof. From model (2), one can obtain
By integration, we obtain
Hence, one has lim sup
h Remark 1. By Lemma 1, one could conclude that for solution (S(t), I 1 (t), I 2 (t), R(t)) for model (2) with any given initial value (S(0),
Therefore, one has
Existence or uniqueness and stochastic boundedness of global positive solution Theorem 1. For any given initial value (S(0), I 1 (0), I 2 (0), R(0)) 2 R 4 + , model (2) has a unique positive solution (S(t), I 1 (t), I 2 (t), R(t)) and it stays in R 4 + with probability one for all t ø 0.
Proof. Because coefficients for stochastic model (2) satisfy locally Lipschitz continuous, model (2) has a unique local solution (S(t), I 1 (t), I 2 (t), R(t)) for 0 ł t\t e , where t e be a explosion time. 26, 27 For the globality of the solution, one demonstrates that t e = ' a.s.
Choose n 0 .0 is large sufficiently such that S(0).0, I 1 (0).0, I 2 (0).0, and R(0).0 in a interval ½(1=n 0 ), n 0 . For any n.n 0 , defining a stop-time
([ denotes a empty set). Apparently, t n increases as n ! '. Set t ' = lim n!' t n , hence t ' ł t e . If one can demonstrate that t ' = ', it can lead to t e = '. Assuming that t ' 6 ¼ ', then there are two positive constants T and 0\h\1 such that Pft ' ł Tg ø h: Therefore, for each integer n 1 ø n 0 , one can obtain
Denoting
From model (2), one can obtain
One has (dN (t)=dt) ł L À mN (t), then for all t\t n , one can obtain
Defining a Liapunov function
Using the Itoˆ's formula of V 1 , we obtain
where
From assumptions (H1) and (H2), one has f (I 1 (t)) ł f 0 (0)I 1 (t) and g(S(t)) ł g(k 1 ). Thus
Then, one can obtain
This implies that
where t n^T = minft n , T g. Taking the expectations of the above inequality, we obtain
Then, one has
Let O n = ft n ł T g for n ø n 1 . From equation (3), one can obtain P(O n ) ø h. By the definition of the stopping time, for any v 2 O n , there is S(t n , v) or I 1 (t n , v) or I 2 (t n , v) or R(t n , v) equaling (1/n) or n, as a result
Hence, one can obtain
where I O n be a indicator function for O n . Letting n ! ' of the above inequality, one has
As a consequence, one can have t ' = '. h Theorem 2. For any (S(0),
+ , the solution X (t) = (S(t), I 1 (t), I 2 (t), R(t)) for the stochastic model (2) is stochastically ultimately bounded and permanent.
Proof. Define a function as follows
where N (t) is given as in equation (4) . From assumptions (H1) and (H2), one can obtain f (I 1 (t)) ł f 0 (0)k 1 and g(S(t)) ł g(k 1 ). By the Itoˆ's formula, we have
. By integrating the above inequality, we obtain
Hence, one has
Let a constant r large enough such that (G=r)\1. Applying Chebyshev's inequality, one has
Then, one gets
Applying the inequality a 2 + b 2 ø 2ab, we obtain
where jX (t)j is given in the ''Preliminaries'' section. Then, one can obtain
By Definitions 2 and 3, one can obtain the conclusion.
h
Extinction of diseases
Theorem 3. For any given initial value (S(0), I 1 (0),
If condition (a) or (b) is satisfied, then the two diseases I 1 (t) and I 2 (t) of the stochastic model (2) both are extinct. Furthermore
Proof.
Case (a).
Using the Itoˆ's formula to the stochastic model (2), one can obtain
Integrating the above equality, one can obtain
Applying the strong law of large numbers for martingales, 28, 29 we obtain lim sup t!' (M 1 (t)=t) = 0. Dividing t and t ! ' as in equation (5), then lim sup
Similarly, from the stochastic model (2), thus
Integrating the above equality, one can obtain ln I 2 (t) ð7Þ
Analogously, we can obtain lim sup t!' ((M 2 (t))=t) = 0. Dividing by t and taking the limit of equation (7), one has lim sup
First, one concentrates on I 1 (t). In the view of equation (5), dividing by t, one gets
Defining a function as follows
It is easy to see that D 1 (u) is increasing monotonously for 0\u ł (b 1 =s 2 1 ), and D 1 (u) is decreasing monotonously for
). From Lemma 1 and assumption (H1), one can get
Hence, when t ø T 1 , from equation (9), one has
Then, one can obtain that lim sup
It implies that I 1 (t) goes to extinction exponentially. Therefore
Finally, one concentrates on I 2 (t). In the view of equation (7), dividing by t, then
Define a function as follows
Similarly,
When t ø T 1 , from equation (11), it follows that
It leads to the following lim sup
This implies that I 2 (t) goes to extinction exponentially. Therefore
From the stochastic model (2), one can get
Taking the limit of the above equality, in the view of equations (10) and (12), it leads to
Directly from model (2), one can get
where N (t) is given in equation (4) . Integrating this equation, we obtain
Taking the limit of the above equality, from equations (10) and (12), then
Hence, one has lim t!' S(t) = (L=m). h Remark 2. By Theorem 3, when
) (i = 1, 2), the diseases I 1 (t) and I 2 (t) for model (2) are extinct a.s. Accordingly, one can conclude that stochastic fluctuations can prevent the outbreak of diseases effectively.
Remark
3. When functions f (I 1 (t)) = ((I 1 (t))= (a 1 + I 1 (t))) and g(S(t)) = ((S(t))=(a 2 + S(t))), the stochastic model (2) degenerates into model (1) which has been investigated in Chang et al. 18 Compute that R
If condition (a) or (b) holds, then the two diseases of model (1) go to extinction.
This result has been obtained in Chang et al. 18 Obviously, Theorem 3 is an extension of Theorem 3.2 of Chang et al.
18
Persistence in mean 
, the disease I 1 (t) goes to extinction and the disease I 2 (t) is persistent in mean. Furthermore
(c) When R s 1 .1 and R s 2 .1, the two diseases I 1 (t) and I 2 (t) are persistent in mean a.s. Furthermore, one gets
Proof. By integrating of the model (2), we obtain
It leads to
From Theorem 3, one can get that if
Thus, for any e 1 .0, there exists a constant T 2 .0, such that 0\I 1 (t) ł e 1 , for t ø
Analogously, if s 2 ł ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi (b 2 =(g(L=m))) p and R s 2 \1, then lim t!' I 2 (t) = 0. Hence, for any e 2 .0, there exists a constant T 3 .0, such that 0\I 2 (t) ł e 2 , for t ø T 3 . It leads to the following, for t ø T 3
Choose T 4 = maxfT 1 , T 2 , T 3 g.
Case (a).
Define a Liapunov function
Applying Itoˆ's formula, one has dU 1 (t) =
From assumption (H1), one can see that (f (I 1 (t))=I 1 (t)) is decreasing monotonically, it follows that f 0 (I 1 (t))\(f (I 1 (t))=I 1 (t))\f 0 (0). When t ø T 4 , then
By integrating, we obtain
Define a function F(I 1 (t)) = (I 1 (t)=f (I 1 (t))), I 1 (t).0, from assumption (H1), one gets F(0) = lim I 1 (t)!0 F(I 1 (t)) = (1=f 0 (0)). By mean value theorem to F(I 1 (t)) À F(0) of equation (17), for t ø T 4 , one can obtain
Where
Combining equations (15) and (18), for t ø T 4 , we obtain
When t ø T 4 , from equation (16), one gets
In the view of equation (16) 
Thus, one gets
Since lim t!' Y(t) = 0 and the arbitrariness of e 2 , letting e 2 ! 0. Then, lim t!' C 1 (t) = 0.
Taking the limit of equation (20) and letting t ! ', one finally has
Applying Itoˆ's formula, one gets
By mean value theorem g(S(s)) À g(L=m) of the above inequality, one can obtain
Combining equations (14) and (21), for t ø T 4 , we obtain
Similarly, one also gets
From Lemma 1, one can obtain I 2 (t) ł (L=m), for t ø T 4 , then lim t!' (( ln I 2 (t) À ln I 2 (T 4 ))=t) = 0, for I 2 (t).0. Since the arbitrariness of e 1 , letting e 1 ! 0. Hence, one has lim t!' C 2 (t) = 0.
Taking the limit of (22) and letting t ! ', one finally obtains
Case (c).
Applying Itoˆ's formula, one has
When t ø T 4 , then
Similarly, applying Lagrange's mean value theorem of the above inequality, in the view of equation (13), one can obtain
In the view of Cases (a) and (b), one obtains lim t!' C 3 (t) = 0. Taking the limit of equation (23) and letting t ! ', one finally obtains 
Almost sure exponential stability
It is easy to see that model (2) has a disease-free equilibrium E 0 = (L=m, 0, 0, 0). In this section, a few discussion about the almost sure exponentially stable for the disease-free equilibrium E 0 = (L=m, 0, 0, 0) of model (2) are carried out. Finally, a sufficient condition for the almost sure exponentially stable disease-free equilibrium E 0 is established. (2) is almost sure exponentially stable in G. Where
is a positive invariant set of model (2).
Proof. The proof is similar to Zhou et al. 30 One defines the function
Integrating both sides of the above inequation from 0 to t, one has ln L m À S(t)
By the strong law of large number for local martingales, one gets
Under the condition that s 
\0

Numerical simulations and examples
Now, numerical simulations can be demonstrated by the findings obtained. One considers functions f (I 1 (t)) = (I 1 (t)=e I 1 (t) ), and g(S(t)) = (S(t)=(1 + S(t))). Motivated by Cui et al. 31 Then, the corresponding deterministic model (2) is The stochastic model for model (24) is given as follows
It is easy to verify that f (I 1 (t)) and g(S(t)) satisfy two assumptions (H1) and (H2). For models (24) and (25) , consider the initial value
The parameters for models (24) and (25) 
For the deterministic model (24) , the two diseases are persistent (see Figure 1(a) ). However, when the intensity for the noise Considering the stochastic model (25) with the intensity of environmental noise s 1 and s 2 being large.
= 0:7746, and other parameters be as in equation (26) . Compute that R s 1 = 0:9429\1, R s 2 = 0:8247\1. Figure 1(c) shows that I 1 , I 2 , R tend to zero, S tends to 5, separately. This means the diseases I 1 (t) and I 1 (t) die out of the stochastic model (25) . This confirms Case (b) of Theorem 3.
Considering the stochastic model (25) with the environmental noise s 1 being small, while s 2 being large. The parameters are taken as in equation (26) . Let Figure 2(a) shows that the disease I 2 (t) goes to extinction, the disease I 1 (t) is persistent. This confirms Case (a) of Theorem 4.
Consider the stochastic model (25) with the environmental noise s 1 being large, while s 2 being small. Let Similarly, the disease I 1 (t) goes to extinction, the disease I 2 (t) is persistent of the model (25) (see Figure  2 Figure 2(c) ). What's more, we keep the intensity of noise unchange and present the probability density functions to show the persistent of the two diseases. With the help of MATLAB software, we run the numerical simulation 50,000 times and collect the values of S(t), I 1 (t), I 2 (t), and R(t). The probability density functions in Figure 3 , where the smoothed curves are the probability density functions of S(t), I 1 (t), I 2 (t) and R(t), respectively. From Figure 3 , we can see that S(t), I 1 (t), I 2 (t) and R(t) are persistent around 4:10, 0:35, 0:20, and 0.15, respectively. This confirms Case (c) of Theorem 4.
And there naturally comes an interesting and significant question: how do the two diseases spreading with R According to Theorem 5, the disease-free equilibrium E 0 = (5, 0, 0, 0) is almost sure exponentially stable in G(see Figure 4(c) ). From Figure 4 (c), we can see that S tends to 5 and I 1 , I 2 , R tend to 0, separately. And they do not change with time. It implies that the disease-free equilibrium E 0 is almost sure exponentially stable in G. This confirms Theorem 5.
Conclusion
In the article, a new kind of stochastic SIRS models with two different nonlinear incidences is extended. The model is introduced with multiplicative noise to the valid contact coefficients b 1 and b 2 . First, we present the model that has a global positive solution. Next, sufficient conditions of the diseases that die out for model (2) are discussed. Furthermore, two thresholds R infectious diseases I 1 (t) is extinct and the infectious diseases I 2 (t) are permanent. In addition, an interesting result is presented. That is, when R s 1 = 1 and R s 2 = 1, then diseases I 1 (t) and I 2 (t) for model (2) die out at a large time. Finally, the results in this article are an extension of the corresponding results established in Chang et al. 18 It is worthy to mention that, when the intensity of environmental noise s i .(b i = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 2(m + d i + g i ) p ), the two infectious diseases are extinct. This implies that noise can effectively prevent the outbreak of diseases, which can provide us some beneficial strategies to control the spreading of diseases. For the dynamical analysis in this article, we mainly adopt the definition of extinct, permanent in mean, and the strong law of large number for local martingales to establish two thresholds of the model. The thresholds can be used to control the dynamic behaviors of the model. Especially, the stochastically boundedness and the almost sure exponentially stable disease-free equilibrium E 0 of the model are investigated. These are the differences present in the article. 18 
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